The entanglement entropy in many gapless quantum systems receives a contribution from corners in the entangling surface in 2+1d. It is characterized by a universal function a(θ) depending on the opening angle θ, and contains pertinent low energy information. For conformal field theories (CFTs), the leading expansion coefficient in the smooth limit θ → π yields the stress tensor 2-point function coefficient CT . Little is known about a(θ) beyond that limit. Here, we show that the next term in the smooth limit expansion contains information beyond the 2-and 3-point correlators of the stress tensor. We conjecture that it encodes 4-point data, making it much richer. Further, we establish strong constraints on this and higher order smooth-limit coefficients. We also show that a(θ) is lowerbounded by a non-trivial function multiplied by the central charge CT , e.g. a(π/2) ≥ (π 2 log 2)CT /6. This bound for 90-degree corners is nearly saturated by all known results, including recent numerics for the interacting Wilson-Fisher quantum critical points (QCPs). A bound is also given for the Rényi entropies. We illustrate our findings using O(N ) QCPs, free boson and Dirac fermion CFTs, strongly coupled holographic ones, and other models. Exact results are also given for Lifshitz quantum critical points, and for conical singularities in 3+1d.
In recent years, the structure of quantum entanglement in many-body systems has acquired an increasingly prominent role in diverse areas of physics, such as condensed matter, [1] [2] [3] [4] [5] [6] [7] [8] quantum field theory, 9-14 or quantum gravity. [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] The interest in the subject is perhaps not surprising given that entanglement is a fundamental property of the quantum realm. This being said, its recent rise in prominence can be partially attributed to the rapid development of tools to study it in complex systems. In the context of condensed matter physics, entanglement has proven to be a powerful probe of unconventional quantum states of matter. For instance, the so-called topological entanglement entropy 1, 2 in two spatial dimensions can be used to determine whether a phase is topologically non-trivial, 26 i.e., whether it possesses anyonic excitations, whereas conventional local order-parameters cannot. This diagnostic was employed to analyze realistic models for quantum spin liquids.
27-29
A closely related quantity has recently been found to organize the renormalization group flow between different arXiv:1511.04077v2 [cond-mat.str-el] 26 Jan 2016 phases and quantum critical points described by Lorentz invariant theories. 30, 31 These results have been applied to constrain the phase diagram of models with topological phases and deconfined quantum critical points.
32,33
The entanglement entropy (EE) S and Rényi entropies 34, 35 S n are particularly useful measures of entanglement. Focusing on spatial bi-partitions, heuristically, these entropies quantify the amount of entanglement between the inside and outside of a given region. More precisely, for a spatial region V and a quantum state |ψ , they are defined as where ρ V = TrV |ψ ψ| is the reduced density matrix obtained by integrating out the degrees of freedom in the complementary (outside) region, V . In this work, we shall be concerned with the entanglement and Rényi entropies of strongly interacting quantum systems described by scale invariant quantum field theories at low energy. Most, but not all, of our attention will be devoted to conformal field theories (CFTs). These possess scale and Lorentz invariance, and for example describe the quantum critical points in the Ising and XY universality classes in d = 2 + 1 spacetime dimensions. Generally, CFTs are strongly interacting and lack quasiparticle excitations, unless one is dealing special theories such as free bosons or free Dirac fermions. We will now see how basic entanglement measures can be used to gain insights into these complex systems. We consider the groundstate of a CFT in three spacetime dimensions. The corresponding Rényi entropy of a region V takes the generic form S n = B n δ − i corners a n (θ i ) log( /δ) + const., (I.3) where is a length scale characterizing the linear size of V , and δ is a UV cut-off: in a lattice model, this would be the lattice spacing. B n is a regulator dependent (positive) coefficient, while the third term is finite as δ → 0 and generally depends on the shape of V . The expansion (I.3) holds in the limit δ. While the leading divergence, corresponding to the usual "area" or boundary law, is present for general entangling regions, the subleading logarithmic term appears only when the boundary of V contains sharp corners, 12-14,36,37 each with opening angle θ i , as shown in Fig. 1(a) . This contribution is characterized by a function of the corner opening angle a n (θ) which, as opposed to B n , is universal (regulator-independent) and therefore encodes welldefined information about the low energy CFT. Importantly, corner contributions naturally arise in numerical 
Entanglement from corners. a) Corners in the entangling surface ∂V with opening angles θi. b) A corner with θ π. The Taylor expansion of the corner function a(θ) near this smooth limit yields coefficients σ, σ , . . . that contain non-trivial information about the CFT. We have omitted the Rényi index n dependence.
calculations on lattice models, and since a n (θ) is not polluted by UV/microscopic details it can be determined by such methods, 8, [38] [39] [40] [41] [42] [43] [44] and compared with quantum field theory analysis.
It is instructive to begin by examining nearly smooth corners. On general grounds, the corner function a n (θ) is expected to have the following expansion 12-14 near θ = π (see Fig. 1 
where we have introduced the notation ε ≡ (π − θ), which will appear throughout. We can write the expansion more succinctly as p=1 σ
n , etc. Assuming a n (θ) is smooth around θ = π, the reflection property, a n (2π − θ) = a n (θ) -true for pure states -implies that only even powers of ε appear in (I.4). Although a proof of the analyticity of a(θ) near π is lacking, it does hold for all the theories for which the expansion is known (see below).
In recent works [48] [49] [50] (see Refs. 8 and 51 for brief reviews), the leading order coefficient in the smooth limit, σ n , has been studied in detail, and strong evidence [48] [49] [50] [52] [53] [54] [55] [56] points to the simple relation:
for any n > 0, where h n is the conformal dimension of the so-called twist operator. 50, 57, 58 This is a line operator in d = 3, as it has support on the entangling surface, i.e., the boundary of the entangling region V . It is closely related to the swap operator used to compute the Rényi entropies with quantum Monte Carlo. 7 In the more familiar setting of 1+1d CFTs, the twist operator is a local operator 10,11 associated with the endpoint of an interval. In fact, the prefactor of the logarithmically divergent term of the Rényi entropy of a single interval 9-11 has (Table I) , as well as the minimal function amin(θ)/CT (orange dashed). The shaded orange region is forbidden by the inequality a(θ) ≥ amin(θ).
the same form as the smooth-limit coefficient, Eq. (I.5). In the limit n → 1, Eq. (I.5) reduces to 48, 49 
C T is a fundamental property of the quantum critical system (CFT in this case): it is the central charge determining the 2-point correlation function of the stress or energy-momentum tensor T µν :
where x µ is a spacetime coordinate, and I µν,ηκ is a dimensionless tensor fixed by conformal symmetry 45 (see Appendix C). Notably, T 00 (x) corresponds to the energy density of the system; Eq. (I.7) determines its autocorrelation function in the groundstate. Eq. (I.7) holds in arbitrary dimensions, including d = 1 + 1, where C T is proportional to the Virasoro central charge. Remarkably, in a recent paper by Faulkner et. al., 59 Eq. (I.6) was proven for general CFTs.
The results for the leading smooth limit coefficient, Eqs. (I.5) and (I.6), have also been generalized to CFTs in higher dimensions. 50, 60 In the presence of a (hyper)conical singularity in the entangling surface ∂V , the Rényi entropy contains an analogous regulatorindependent contribution characterized by a function of the cone opening angle, a (d) n , whose smooth limit expansion is analogous to (I.4). The leading coefficient of such an expansion has been argued to be σ 
A. Main results & outline
In contrast to the leading order coefficient σ n , it is currently not known what physical information is encoded in the higher order coefficients {σ n , σ n , . . . }, let alone in a n (θ) at finite angles. This work sheds light on these quantities. One of our main results is a lower bound on the corner entanglement function a(θ) of any CFT, given in Eq. (II.2) of §II, and illustrated in Fig. 2 . A lower bound for the Rényi case a n =1 (θ) is also given, Eq. (II.8). We further prove lower bounds for the smooth limit coefficients in §III; these do not follow from the bound on a(θ). We then unravel the asymptotic properties of the high order coefficients σ (p 1) n ( §IV). §V studies the smooth limit expansion in holographic theories. In §VI, we use the holographic results in conjunction with other information to shed light on the physical properties of the quartic term σ (θ − π) 4 for general theories. We show that σ contains information beyond the 2-and 3-point functions of the stress tensor. §VII analyzes the structure of the corner function for a special class of Lifshitz quantum critical points. We also discuss the en-tanglement properties of conical singularities in higher dimensional CFTs ( §VIII). Finally, we give a summary and outlook in §IX, where we provide consequential open questions. Four appendices provide details about the calculations.
II. LOWER BOUND ON CORNER ENTANGLEMENT
In this section we show that the strong subadditivity (SSA) property of the EE 62 imposes a non-trivial lower bound on the corner function, a(θ) ≥ a min (θ), and we give a simple closed form expression for the minimal function a min (θ). This holds for general CFTs (we are assuming gapless theories with a finite C T , which excludes topological quantum field theories). We also establish a bound on the corner function for general Rényi index in §II A. Specifically, the SSA of entanglement implies that for regions V, V , the following inequality holds for the sum of their entanglement entropies:
Using this property, Hirata and Takayanagi showed 36 that a(θ) is non-negative, as well as ∂ θ a(θ) ≤ 0 on 0 ≤ θ ≤ π (∂ θ a is non-negative on [π, 2π]). Using Lorentz invariance and SSA, Casini, Huerta and Leitao 13 then gave the following non-trivial linear constraint:
valid for 0 ≤ θ ≤ 2π. The key idea to obtain a lower bound for a(θ) is to replace the inequality in Eq. (II.1) by an equality. This yields a linear second order differential equation, which can be readily solved with the appropriate boundary conditions in the smooth limit. The solution reads
We note that a min satisfies the reflection property, a min (θ) = a min (2π − θ), expected for pure states. It has been normalized so as to obtain the correct leading asymptotic behavior as θ → π: π 2 C T (θ − π) 2 /24. One of our central results is that a min (θ) provides a lower bound for the corner function of all CFTs:
for all angles 0 ≤ θ ≤ 2π. This inequality follows from (II.1); we refer the reader to Appendix A 1 for the proof, which relies on a classic result in the theory of differential inequalities. We point out that a min does not correspond to the corner function of an actual CFT since it does not have the required 1/θ divergence in the sharp corner limit θ → 0 Rather, it diverges only logarithmically, as log(1/θ). The C T appearing in (II.2) should be interpreted as the stress tensor coefficient C T corresponding to the theory whose a(θ) is being compared to a min (θ). We note that a cruder version of the bound can be obtained by replacing C T by 24σ/π 2 in Eq. (II.2). We can explicitly verify that the lower bound Eq. (II.3) is satisfied for CFTs both at weak and strong coupling: Fig. 2 shows a(θ)/C T for a free scalar and a free Dirac fermion, [12] [13] [14] 48 and for strongly coupled holographic CFTs dual to Einstein gravity 36,63 -see next section. We also plot the lower bound a min (θ)/C T . While the bound is comfortably satisfied by the three theories for small opening angles, it becomes quite nontrivial already for θ ∼ π/2, where all theories nearly saturate it. This is a particularly important value of the opening angle, given that most numerical simulations that studied a(θ) have been performed for Hamiltonians defined on a square lattice.
8 These simulations dealt with rectangular regions V , and thus obtained a(π/2). For 90-degree corners, our bound Eq. (II.3) becomes
In both free and strongly coupled holographic theories, a(π/2)/C T exceeds this bound by only a few percent, as can be seen in Fig. 2 and Table I. That table also shows a(π/2)/C T for the O(N ) Wilson-Fisher fixed points for N = 1, 2, 3. These CFTs describe the quantum critical points in quantum Ising, XY, and Heinsenberg spin models, respectively. Remarkably, in all three cases the same ratio is found within error bars, a(π/2)/C T = 1.3(1), which lies not far above the bound Eq. (II.4). This supports the validity of the numerical data. We finally note that recently an analytic expression for the central charge,
, was obtained for a strongly interacting QCP with emergent supersymmetry.
64 Such a QCP is super-conformal and can occur at the surface of a topological insulator, in which case C T is directly proportional to the groundstate optical conductivity. 64 Combined with Eq. (II.2), one can thus obtain a simple closed-form lower bound for a(θ) at that QCP, 64 in spite of its strongly interacting nature.
A. Rényi entropy
We will now generate a lower bound for a n (θ) valid for general Rényi index. 65 Reflection positivity of Euclidean quantum field theory leads to an infinite set of non-linear differential inequalities for the corner function:
where M ≥ 1 is an integer. Although these were originally derived for integer values of n, we will assume they hold for all n > 0 (by analytic continuation). Expanding the determinants, we find that the first 2 inequalities read:
In particular, the second equation can be recast in the form ∂ 4 θ a n ≥ G, with G ≥ 0, by virtue of the convexity property, Eq. (II.6). This form is suggestive of a lower bound, assuming we can somehow "integrate" the differential inequality. Indeed, we can apply the same methods that we used above in deriving the lower bound (II.3) for the EE to establish a new lower bound valid for any Rényi index (see Appendix A for the details):
where h n is the scaling dimension of the twist operator, 50 which determines the smooth limit coefficient via Eq. (I.5). h n is the analog of C T for the Rényi entropies n = 1. The RHS of Eq. (II.8) plays the role of a min (θ) but for general n. Analogously to a min , it solves the differential equation obtained by replacing the inequality in Eq. (II.7) by an equality. Note however that for n = 1, a min (θ) is a stronger lower bound since it exceeds σ (θ − π) 2 . The twist dimension h n has been computed 50 for all values of n for the free scalar (boson) and fermion CFTs, as well as for strongly interacting holographic theories. For instance, a free complex scalar has 48, 50, 53 h cs 2 = 1/(24π), implying a lower bound a cs 2 (π/2) ≥ 1/96 ≈ 0.010 for 90-degree corners. a cs 2 (π/2) was numerically computed 14 to be 0.0128, in agreement with our bound. In contrast, at the O(2) interacting WilsonFisher quantum critical point (to which the free complex scalar flows under RG), numerical lattice calculations have found a 2 (π/2) ≈ 0.011. [40] [41] [42] The value of h 2 for that theory is not currently known, but given the properties of C T , 47 we expect it to be no smaller than 0.9h cs 2 . This would yield a lower bound a 2 (π/2) 0.0094, which is satisfied by the numerical calculations.
It is natural to ask whether the remaining infinite set of inequalities, Eq. (II.5), will yield stronger bounds, or even an upper bound. The answer to the former is that one can indeed get stronger bounds, but these require more information input compared to h n , not to mention that they involve numerical solutions. With regards to the upper bounds, the answer is simple: those inequalities all yield lower bounds. This essentially follows from the fact that the reflection positivity inequalities are encoded by the determinant of the same larger and larger matrix (see Appendix A).
Eq. (II.8) immediately implies that the quartic coefficient σ n is positive for all n, a fact that we will now rederive, along with other bounds on the smooth-limit expansion coefficients.
III. CONSTRAINING THE EXPANSION ABOUT THE SMOOTH LIMIT
In this section we use the constraints found by Casini and Huerta on the corner functions a n (θ) from reflection positivity 66 and SSA of EE [12] [13] [14] to establish bounds on the smooth-limit expansion coefficients σ (p) n .
A. Bounds for general Rényi index
For general Rényi index, we can use the infinite set of non-linear inequalities for the corner function a n (θ) coming from reflection positivity, 66 Eq. (II.5), to constrain the smooth-limit coefficients. Substituting the expansion Eq. (I.4) into the first few inequalities, we find
Similar inequalities can be obtained for σ (p) , p > 4, but we omit them as they are not particularly illuminating. We have been able to show that Eq. (III.1) leads tosee Appendix D -
Namely, the first five expansion coefficients must be positive for any n > 0. We suspect that this holds for all the coefficients, however, the inequalities become sufficiently complicated at higher order, σ (p>4) , that we cannot at present prove this claim. This being said, in section IV, we will argue that the coefficients σ quartic coefficient:
We can combine this inequality with the result (I.6) relating σ and C T to obtain:
We can further combine this inequality with the ones obtained above, Eq. (III.1), to generate bounds for the higher order coefficients:
It would be interesting to see whether stronger constraints can be derived for σ , σ , . . . , compared to what arises from the general-n inequalities (III.1). One possibility consists of looking at the smooth-limit coefficients of a min (θ). The expansion of this function near π is as follows:
We thus see that the second coefficient exactly corresponds to the lower bound for σ obtained above. Could it be that the other coefficients provide lower bounds for σ , σ , etc? For instance, is it true that any CFT will have σ /C T ≥ π 2 /8640? Should these hold, they would be stronger lower bounds than the ones obtained above. In Appendix B, we show that all the expansion coefficients of a min are positive, and give them in closedform. The coefficients that have been computed for holographic CFTs, and free CFTs indeed lie above those of the minimal function, as shown in Fig. 3 . In this figure we also observe that the smooth-limit coefficients of these theories seem to behave as σ (p 1) → A/π 2p , where A is a theory-dependent constant. We analyze this behavior more closely in the following section. 
IV. SMOOTH-SHARP CONNECTION
As shown in Fig. 3 , the coefficients of the Taylor expansion around θ = π decay as π −2p for growing values of p, both for free fields and holographic theories. Here we will argue that this exponential decay occurs generally for the corner function (at any Rényi index), and even for conical singularities in higher dimensions. The starting point of our discussion is, perhaps surprisingly, as far away from the smooth limit as one can go. In the sharp corner limit, the corner entanglement function diverges as 1/θ:
where κ n > 0 is the so-called sharp limit coefficient. This implies that the Taylor expansion about π has at most a radius of convergence of π due to the divergences at θ = 0, 2π. We claim that for any CFT, the corner function has this radius of expansion precisely equal to π. In other words, the smooth limit expansion is as well-behaved as possible. In particular, this implies that the smooth limit
/(�κ)
(IV.2).
expansion must encode the divergence as θ → 0. It is not hard to see that the geometric series p=0 (π − θ)
2p /π 2p yields π/(2θ), which has the desired divergence. Thus we deduce that the expansion coefficients of corner function will share the same asymptotics:
which yields the correct weight for the pole at zero opening angle, Eq. (IV.1). In Fig. 4 , we show that the asymptotic scaling given in Eq. (IV.2) already becomes a good approximation at p = 2 for the free scalar, 12 free Dirac fermion 12, 67 , and holographic theories. Indeed, the ratio σ (p) π 2p+3 /2κ obtained for the EE deviates from unity by less than 2% for p ≥ 2. In addition, Fig. 4 shows the coefficients for the so-called Extensive Mutual Information model, [68] [69] [70] and the cone function a 4d (θ) valid for all CFTs in 3+1 dimensions (see Section VIII).
We thus see that knowledge of the first few smooth limit coefficients can give a good estimate of the sharp limit coefficient κ via the smooth-sharp relation Eq. (IV.2). Conversely, knowledge of κ can be used to estimate the smooth limit coefficients even for relatively small values of p.
V. SMOOTH LIMIT EXPANSION IN ADS/CFT
In this section, we study the corner function of strongly interacting CFTs described in terms of a higherdimensional theory of gravity via the holographic Anti de Sitter (AdS) / CFT correspondence. 71 The results we derive for the expansion in the smooth limit θ → π will be used to deduce general properties of the quartic coefficient σ in Section VI. We focus on theories with the simplest holographic bulk description, corresponding to pure Einstein gravity in the 3+1 dimensional AdS spacetime. The holographic minimal surface prescription of Ryu and Takayanagi 22-25 allows one to compute the EE associated with a region V in the boundary theory by extremizing the area of a surface extending from the entangling surface ∂V to the holographic bulk. In particular, one can consider a wedge-shaped region with a corner of opening angle θ. The resulting corner function was obtained implicitly via:
where L is the AdS radius, G is the bulk's gravitational constant, and h 0 is independent of s. We note that this integral can be evaluated exactly in terms of elliptic functions.
72,73 h 0 is implicitly determined by the corner opening angle θ via:
Heuristically, h 0 is the proportionality constant that determines how deep the minimal-area surface extends into the bulk along its spine, when moving away from the tip of the corner. In the very sharp limit θ → 0, the RyuTakayanagi minimal surface is very shallow, resulting in a small h 0 . h 0 is plotted in Fig. 5(a) , and we see that it vanishes as θ → 0, and diverges as θ → π, as expected. In order to obtain an expansion for a E (θ) near π, we first need to expand the RHS of Eq. (V.2) about h 0 = ∞. However, a direct Taylor expansion of the integrand of (V.2) is not well-defined. We circumvent this issue by expanding the last factor, 1/ h 2 0 (1 + h 2 0 ) −1 + h 2 , and keeping the problematic one, 1/ h 2 0 − h 2 , intact. We can then perform the h integral exactly, and finally expand in powers of 1/h 0 . We find:
which can be inverted to yield:
where ε = π − θ. We finally substitute this expansion into the integral for a E (θ), Eq. (V.1), and get:
, we can express the first smoothlimit expansion coefficients as:
Note that all these are positive, and are described by the formula r/π 2(p−1) , where r is a rational number. We have verified that the first 20 coefficients satisfy this simple form; it would be interesting to obtain an analytical expression for all the coefficients. Fig. 3 shows that the bounds on σ (p≤3) are comfortably satisfied. In addition, we have verified that these coefficients lie close to the coefficients of the closed-form approximate form for a E (θ) that we have previously derived, 50 which is further support for the latter.
As noted in the introduction, there exists strong evidence that σ is determined by C T . It is then natural to ask what physical properties determine the other coefficients σ , σ , etc? We now turn to this question.
VI. QUARTIC COEFFICIENT AND STRESS TENSOR CORRELATORS
The main goal of this section is to investigate what properties determine the quartic coefficient σ . Since the leading coefficient σ is fixed by the 2-point function of the stress tensor, one might expect that the next coefficient depends on the 3-point function. The 3-point function of the stress tensor is highly constrained by conformal invariance and only depends on two numbers: C T , which determines the 2-point function, and an independent constant, t 4 , see appendix C. If σ were to depend solely on C T and t 4 , it would have to be on a linear combination of the two constants. This is because a(θ) is additive for free CFTs, just as C T and the product t 4 C T . Indeed, for n s complex free scalars and n f 2-component Dirac fermions: 45, 74 This implies that without loss of generality we can work with an Ansatz of the form σ = c 1 + c 2 C T + c 3 C T t 4 . Actually, c 1 = 0 due to the additive property of the free field CFTs. We can also fix c 2 by virtue of our findings in §V:
where we have used the value of σ obtained above for Einstein holography, Eq. (V.6), for which t 4 = 0. 74, 75 For the complex scalar and Dirac fermion free CFTs, Casini and Huerta numerically found where the uncertainties are on the last digit. We note that both these ratios exceed the holographic one, 5/192 ≈ 0.0260417. Now, the complex scalar has a positive t 4 = 4, implying that c 3 > 0 for (VI.2) to hold. How-ever, this is inconsistent with the fact that the fermion has a negative t 4 = −4 but σ f /C T > 5/192. Our analysis thus demonstrates that σ is not fully determined by the 2-and 3-point function data of the stress tensor. Interestingly, Ref. 52 claimed that for a class of CFTs dual to holographic bulk theories with higher derivative terms, the quartic coefficient is entirely determined by C T and t 4 , and thus given by Eq. (VI.2). As we have shown, this stands in contrast to the general case where additional information enters in σ . The specific value of the constant c 3 in Eq. (VI.2) was not provided in Ref. 52 , but it would be interesting to investigate how close these holographic theories approach the bounds we have derived in §III. Alternatively, our lower bounds would translate into bounds on the coupling of the higher derivative holographic theories.
A. 4-point data
Our analysis above showed that 2-and 3-point function data is insufficient to characterize σ . We claim that in addition to this data, i.e., C T , t 4 , information about the stress tensor 4-point function is needed to fix σ . However, this is more difficult to show and test because the conformal symmetry is not sufficient to fix the coordinate dependence of T T T T , in contrast to 2-and 3-point correlators. In other words, the 4-point correlator will contain undetermined functions of the conformal cross ratios (see below). These functions are theory dependent. To illustrate the point, it is sufficient to consider the 4-point function of a scalar operator O(x) with scaling dimension ∆: ). F (u, v) is an arbitrary theory-dependent function.
We leave for future work the investigation of the specific role that the T µν 4-point correlator plays in determining σ . It is natural to expect that the higher point functions of the stress tensor describe the higher order coefficients.
VII. LIFSHITZ QUANTUM CRITICAL POINTS
Up to this point our analysis was focused on CFTs, but it is natural to ask whether our results hold for a larger class of quantum critical theories. To illustrate that this is indeed the case, we will analyze the properties of a special class of Lifshitz quantum critical points in d = 2 + 1. These have a dynamical exponent z = 2, and have scale-invariant groundstate wavefunctions.
76
In fact, their equal-time correlation functions are determined by a parent 2-dimensional CFT. For this reason they are often called "conformal" quantum critical points. The quotes appear since these theories do not possess the full d = 3 spacetime conformal symmetry, but rather a time-independent version. For example, this class of Lifshitz theories describes lattice models such as the quantum dimer 77 and the quantum eight-vertex 76 models. In the former case, on a square lattice, the following quantum critical theory emerges at low energy:
where ϕ is a real scalar field. Eq. (VII.1) has a d = 2 free boson CFT describing its equal-time correlators (it has Virasoro central charge c = 1). When the entangling surface contains corners, the EE has a logarithmic subleading term 78 just as for CFTs, Eq. (I.3). Owing to the spatial conformal invariance of the wavefunction, the corresponding corner function of such theories can be given in closed-form:
where c is the central charge of the parent d = 2 CFT. As pointed out in Ref. 50 , this is the simplest θ-dependence compatible with the expected behavior in the limits θ → 0, π, 79 and with the reflection property of pure states, a(2π −θ) = a(θ). The smooth limit expansion coefficients, Eq. (I.4), can be simply obtained by rewriting Eq. (VII.2) in the form,
We recognize a geometric series: the σ (p) obey a pure exponential scaling A/π 2p for all p. We also conclude that the series has maximal radius of convergence, π. Using our general expression for the asymptotic behavior of σ (p) at large p, Eq. (IV.2), together with Eq. (VII.3), we predict that the sharp limit coefficient is κ = πc/24. A direct expansion of a(θ) about θ = 0 gives πc/(24θ), in agreement with our prediction. This class of Lifshitz theories thus obeys the smooth-sharp relation that we put forth for CFTs in §IV.
Further, we note that Eq. (VII.2) exceeds the lower bound found for CFTs, Eq. (II.2), when a min is normalized to have the same leading smooth-limit coefficient σ. This follows from the fact that the expansion coefficients of a min (given in Appendix B) are less than those of Eq. (VII.2), which can easily be proven by bounding the zeta function. Given that the derivation of this lower bound depended on Lorentz invariance, it is not clear how general the result is. For instance, will more general Lifshitz theories violate the CFT bound? It would be of interest to relate the expansion coefficients given in Eq. (VII.3) to correlation functions of local operators, as in the case of CFTs, for which the leading coefficient σ is given by the stress tensor 2-point function. We leave this task for future investigation. Finally, let us mention that corner entanglement has been recently studied for other classes of non-conformal theories using holog raphy, 80-82 where significant differences have been found with respect to the CFT results.
48,49

VIII. HIGHER DIMENSIONS
For a conical singularity in d = 3 + 1, the EE of a CFT receives a subleading logarithmic correction as shown in Fig. 6 . The corresponding cone function a (4d) (θ) is independent of the UV regulator as for corners in d = 3. Interestingly, it is entirely fixed by C T :
where θ is the cone's opening angle, see Fig. 6 . This expression applies to all four-dimensional CFTs. In addition, the very same θ-dependence holds for the Rényi entropies, namely
where f b (n) depends on the Rényi index, 84,85 with f b (1) = π 4 C T /40. Strong evidence 60, 85, 86 suggests that f b (n) is determined by the twist operator scaling dimension h n through f b (n) = (3π/2) h n /(n − 1). (In d = 4 , the twist operator is a surface operator.) The fact that h n fully determines the entire θ-dependence is in contrast with d = 3, where the scaling dimension of the twist operator only determines the smooth limit coefficient.
Many similarities, however, do exist between d = 4 and d = 3, and we now discuss them in light of the findings presented above. For one, a (4d) (θ) admits a smooth limit expansion about π in even powers of (θ − π), just as in d = 3, Eq. (I.4). In Appendix B, we show that this expansion has a radius of convergence of π. We conjecture that is the case for CFTs in all dimensions d > 1 + 1. Further, we show there that the expansion coefficients σ (p) are strictly positive, again in agreement with our general conjecture. Recall that in d = 3 we have been able to prove this for the first five coefficients, σ (p<5) n . In Fig. 4 , we plot the first 13 coefficients (except the first one, σ) of the entanglement entropy. They vanish exponentially with p, and rapidly approach the asymptotic form (IV.2), i.e., σ
2p+3 , where again κ n dictates the small angle divergence of the cone function: a 
IX. DISCUSSION
We have studied the entanglement properties of quantum critical theories. Focusing on conformal field theories, we have established lower bounds on the corner function a(θ) in d = 2 + 1, Eqs. (II.2,II.3), and on its expansion coefficients in smooth limit, θ → π. Our bound for a(π/2) corresponding to 90-degree corners, Eq. (II.4), is nearly saturated by all known results, including recent numerical estimates on lattice models that describe Wilson-Fisher quantum critical points. The bounds rely on fundamental properties of entanglement, such as the strong subadditivity of EE. An important extension would be to establish stronger bounds on the corner function for general Rényi index than what we obtained, Eq. (II.8). It is further natural to ask whether an upper bound exists for a(θ), and its expansion coefficients. The holographic correspondence could be helpful in answering this question.
With regards to the physical properties of the smoothlimit expansion coefficients, we have shown that the quartic coefficient σ (Fig. 1(b) ) contains information beyond the 2-and 3-point functions of the stress tensor, and conjectured that 4-point data is required. This potentially makes σ much richer compared to the leading coefficient σ because 4-point functions are highly nontrivial in CFTs. It will be interesting to determine the precise physical information encoded in this and higher order coefficients. With such data in hand, the bounds we have derived for the corner entanglement function will yield bounds on the physical properties of CFTs. Another important direction for future investigation would be to examine the properties of corner entanglement in non-conformal quantum critical theories, with Lifshitz scaling for instance. Our discussion in §VII suggests that a connection exists between the latter and conformal field theories, at least for z = 2 theories with conformal wave functions.
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Integrating both sides of this inequality between π and θ > π, and usingȧ(π) =ȧ min (π), we obtaiṅ
for π ≤ θ < 2π. (By virtue of the reflection property of a(θ) about π, this leads to |ȧ(θ)| ≥ |ȧ min (θ)| for 0 ≤ θ ≤ π.) Finally, we note that 9) and the same holds for a min . We can thus integrate (A.8) to obtain the desired result:
This completes our proof for the lower bound on the corner function.
Bounds for general Rényi index
We now give the derivation of the lower bound for a n (θ), Eq. (II.8), following a very similar approach as in the previous subsection. We begin by re-writing the third inequality obtained from reflection positivity, Eq. (II.7):
where the term in square brackets is non-negative by virtue of the second reflection positivity constraint, Eq. (II.6). This implies that we can write the inequality in the form ∂ 4 θ a n ≥ G, where G depends only on the second and third derivatives of a n . We can now apply a higher order version of Chaplygin's theorem invoked above. 89 Clearly,
is a solution of the differential equation obtained by replacing the inequality in Eq. (A.11) by an equality. For convenience, we shall work on the interval [π, 2π). The theorem guarantees that a n (θ) ≥ a n (θ) , (A.13) assuming they have matching initial value conditions at π: a n (π) = a n (π) = 0 , ∂ θ a n (π) = ∂ θ a n (π) = 0 , ∂ 2 θ a n (π) = ∂ 2 θ a n (π) = σ n .
(A.14)
This proves the desired lower bound, Eq. (II.8).
We now show that all the reflection positivity inequalities Eq. (II.5), labelled by an integer M ≥ 1, lead to lower bounds, and never to an upper bound. Let us denote the M th inequality by I M ≥ 0. We then have
where P M is a linear combination of products of derivatives of a n . Since I M −1 ≥ 0, we have: 16) where G M only depends lower order derivatives of a n . Applying Chaplygin's theorem as above, one will obtain a lower bound for a n by solving the non-linear differential equation Eq. (A.16). In this case one needs to supply (M − 1) initial conditions at θ = π. We leave the investigation of the resulting inequalities for future work. We determine the smooth limit expansion in closed-form for the corner function a n (θ) in a variety of systems. We begin with the minimal corner function a min (θ), Eq. (II.2) , then analyze the Extensive Mutual Information model for CFTs, and finally the cone function describing all CFTs in d = 3 + 1. In all cases, we will find that the radius of convergence of the Taylor expansion about θ = π is π. The series must breakdown at θ = 0 since the the corner function has a 1/θ divergence as θ → 0. In relation to the latter, we find that in all cases (except for a min , which is not the corner function of an actual CFT, but rather a bound) the expansion coefficients asymptote to
thus decaying exponentially fast at large p, as explained in §IV. The coefficient κ n dictates the small angle divergence,
The minimal function, Eq. (II.2),
has the smooth limit expansion
where
ζ(z) is Riemann's zeta function. Since ζ(2p) is strictly positive for all integers p ≥ 1, all the coefficients are positive. We note that ζ(2p)/π 2p is a rational number related to the Bernoulli number
We list the leading coefficients in Table II . We can use the ratio test to check the convergence of the series. One finds
so the series is convergent when (π − θ) 2 /π 2 < 1, i.e., for all θ ∈ (0, π]. At large p, the coefficients decay to zero as
where the extra factor of p in the denominator implies that a min (θ) decays faster compared to what is expected of a CFT, Eq. (B.3). n for the corner function of the Extenstive Mutual Information model.
Extensive Mutual Information model
We here analyze the corner function of the Extensive Mutual Information (EMI) model. [68] [69] [70] As the name suggests, it is characterized by the property that the mutual information, I(A, B) = S(A) + S(B) − S(A ∪ B), satisfies the extensivity property: Further, at n = 1 the first coefficient, σ, is equal to the one given by the minimal function a min (θ), whereas all the higher order coefficients are strictly greater:
where we have again omitted the subscript n = 1. We list the first few coefficients in Table III . We note that this series is convergent for all θ ∈ (0, π]. The p 1 asymptotic behavior of the coefficients reads: 12) vanishing exponentially fast and in agreement with Eq. (IV.2).
Cones in 4d CFTs
As we argued in §VIII, in three spatial dimensions (d = 4), a conical singularity in the entangling surface gives rise to the following universal function: where the smooth limit again corresponds to θ = π. Just as above, h n is the scaling dimension of the twist operator (which has support on two dimensional surfaces in 4d). In that limit a (4d) has the Taylor expansion
14)
The coefficients are given by
p (E 2p − 1) 15) where p ≥ 1, and E 2p is the Euler number. We note that E 2p = (−1) p A 2p , where A 2p is the so-called zig-zag Euler number, which is a positive integer with some combinatorical significance. We thus conclude that all the expansion coefficients are strictly positive. Further, just as in all the cases studied above, the radius of convergence of the series is π, namely the expansion converges on (0, 2π). To establish this one needs to use the fact that |E 2(p+1) /E 2p | → 16p
2 /π 2 as p → ∞, which can be readily derived from the asymptotic behavior of E 2p at large p:
The large p behavior of the coefficients is Using these equations we can for instance solve for the Osborn-Petkou parameters for CFTs holographically dual to pure Einstein gravity:â
